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Abstract— As the number of synthetic genetic modules grows,
the issue of reliably predicting their behavior upon interconnection becomes more pressing. The trajectory of an upstream
module changes once connected to a downstream module due to
retroactivity. Here, we employ dissipativity analysis to provide
an upper bound on the L2 measure of this difference. To
obtain this upper bound we formulate a Sum of Squares (SOS)
optimization problem which we then solve using semi-definite
programming. One particular strength of this approach is the
ability to successfully handle parameter uncertainties while
providing guaranteed upper bounds on the difference between
the trajectories. We illustrate how to apply our method in the
case of the most recurrent motif in gene networks.

I. INTRODUCTION
Engineered systems often show a modular structure,
thereby allowing the design and analysis of large-scale
systems by focusing on their constituent smaller parts. The
fact that natural biological networks also show modular
structure is thus promising as it suggests that these complex
networks can be comprehended and designed by following
a similar strategy [1]. However, genetic modules display
context-dependent behavior [2] as a result of dependence
on the host organism and strain [3], growth-dependence [4],
environmental dependence [5], and unwanted couplings due
to the composition of modules [6], [7]. In this paper, we focus
on this last source of context-dependence called retroactivity,
a phenomenon in which a downstream module changes the
behavior of an upstream module [6], [7]. Possible changes
include an increase in response time [8], the alteration of both
the frequency and amplitude of transcriptional oscillators [9],
and the performance of signaling networks in vitro [10] and
cascades in vivo [11].
In the case of transcription networks, the effects of retroactivity have been characterized in the general framework
introduced in [7]. While [7] answers how the behavior of
connected modules change, it lacks quantitative insight into
how much a downstream module affects the performance of
an upstream module. Here, we employ dissipativity analysis
[12] to provide a bound on this effect through constructing
storage functions. Unfortunately, it is usually an intractable
task to find storage functions analytically. Instead, numerical
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methods are applied to a relaxed version [13] of the original
problem. We use the sum-of-squares (SOS) relaxation to
seek the structure of the storage function and semi-definite
programming (SDP), implemented in SOSTOOLS [14], to
find the coefficients of this storage function. Our results make
it possible to provide a bound on the effect of downstream
modules even in the case of uncertain parameters [15].
Our work presented here connects with the rapidly increasing effort to reliably predict the behavior of multi-module
systems by accounting for the effects of interactions. For
instance, the effects of sharing various resources by different
modules have been investigated in [16], [17]. Additionally,
[18] addresses how the expression of unneeded proteins
decreases the growth rate of the cell, thereby affecting the
allocation of cellular resources, which in turn affects the
concentration of other proteins. Finally, [7] characterizes the
effects of retroactivity in gene networks of arbitrary topology
and provides guidelines to minimize these adverse effects,
whereas [19] presents a load driver to facilitate the modular
design of gene networks. The approach presented here differs
from the above methods as we employ dissipativity analysis
(previously applied to the model reduction problem [20]),
allowing us to handle parameter uncertainty and provide a
guaranteed upper bound on the effects of interaction.
This paper is organized as follows. In Section II, the
standard model of gene transcription networks is presented,
together with the description of how retroactivity from
downstream modules changes the dynamics of an upstream
module. This is followed by a dissipativity analysis of
an auxiliary system, which is constructed to measure the
difference between the isolated and connected systems. In
particular, we describe storage functions, their SOS relaxation and how such storage functions can be found using SDP
techniques. In Section IV we then illustrate how the tools can
be applied in the case of the most recurrent motif in gene
transcription networks, negative autoregulation. Finally, we
discuss how our results can be further developed to handle
high-dimensional problems more efficiently.
II. SYSTEM MODEL AND PROBLEM
FORMULATION
We first briefly introduce the standard model of gene transcription networks, together with a reduced order model that
closely approximates the dynamics of protein concentrations.
Then we characterize how downstream modules perturb the
dynamics of upstream modules due to retroactivity, which
allows us to formulate the primary goal of this paper: how

to quantify the effects of retroactive perturbations on the
trajectory of the upstream module.
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A. Dynamic Model of Gene Transcription Networks
A gene transcription network is made up of a collection
of N transcription factors (TFs) xi , each of which may
regulate the expression of one or more TFs (including its
own expression). This network is usually represented as a
directed graph where the nodes and edges denote TFs and
regulatory interactions among them, respectively (Fig. 1A).
In particular, there is a directed edge from xj to xi if xj binds
to the promoter of xi to form a promoter complex, thereby
regulating the expression of xi .
Let x “ px1 , x2 , . . . , xN qT denote the concentration vector of TFs. Considering protein production/decay, together
with the binding/unbinding reactions by which TFs regulate
each other’s expression, it is shown in [7] that the dynamics
of x can be approximated by
x9 “ rI ` Rpxqs´1 hpxq.

(1)

Here the vector hpxq of length N encompasses the production and decay of the TFs, and the N ˆ N matrix
Rpxq, called the internal retroactivity, measures the strength
of regulatory interactions within the network. For a more
detailed interpretation of each of these quantities, see [7].

C. Problem Formulation
The goal of this paper is to quantify the effect of the
downstream module on the dynamics of the upstream module. In particular, we seek an upper bound on the difference
between the trajectories of (1) and (2), allowing also for
the possibility of parameter uncertainties in the downstream
module. The following section clarifies how we intend to
measure the retroactive effect, and introduces the computational techniques which can be used to bound this measure.
III. DISSIPATIVITY ANALYSIS

B. Loads Change the Dynamics of Modules
Next, we consider the interconnection of two transcription
networks. In particular, we focus on the case when edges
between these two transcription networks point from one network (upstream module) to the other (downstream module),
see Fig. 1B. Furthermore, we assume that each node in the
downstream module has regulators from either the upstream
or from the downstream module, but not from both (as in
Fig. 1B).
For more details on the following derivation, see [7].
Referring to (1), introduce f pxq “ rI ` Rpxqs´1 hpxq so that
x9 “ f pxq describes the dynamics of the upstream module
when it is not connected to the downstream module (Fig.
1A). Upon interconnection with the downstream module
(Fig. 1B), the dynamics of the upstream module change to
x9 “ rI ` pI ` Rpxqq´1 S̄pxqs´1 f pxq.

Fig. 1. Downstream modules change the dynamic behavior of upstream
modules. (A) The dynamics of the isolated upstream modules are given by
(1). (B) The upstream module is connected to the downstream modules,
yielding a change in its dynamics according to (2).

(2)

s
Here the N ˆ N matrix Spxq,
called the scaling retroactivity
of the downstream module, measures the strength of the
regulatory interactions between the modules. In other words,
s
Spxq
characterizes the load the downstream module applies
to the upstream module. In particular, if S̄pxq “ 0 then the
dynamics of the upstream module remains unaffected upon
interconnection as the vector fields in (1) and (2) are equal. In
s
general, the “greater” Spxq
compared to I `Rpxq, the greater
the effect of the downstream module on the dynamics of the
upstream module.

Suppose we are given the autonomous dynamical system
x9 “ f pxq,

y “ ypxq,

xp0q “ x0 ,

(3)

and a comparable perturbation of the system, given by
x9̃ “ f˜px̃q,

ỹ “ ỹpx̃q,

x̃p0q “ x̃0 ,

(4)

where the dimensions n and ñ of the states x and x̃ may
be different. Such a perturbation could arise from model
order reduction [20], parameter perturbations [21], or in this
case from retroactivity, where (1) and (2) correspond to (3)
and (4), respectively, and n “ ñ “ N . By “comparable”,
we mean that y and ỹ measure the same output(s), and are
therefore of the same dimension.
Suppose that both systems are stable, and that
limtÑ8 yptq “ limtÑ8 ỹptq. Without loss of generality,
we can assume that limtÑ8 xptq “ limtÑ8 x̃ptq “ 0. A
measure of the perturbation introduced by the new dynamics
is the L2 norm of their difference given by
ż8
}y ´ ỹ}22 “
|yptq ´ ỹptq|2 dt,
0

where we take the standard Rn Euclidean norm | ¨ | in the
integrand. It is this measure that we aim to find a bound
for through using SOS techniques. Hence, in the context of
the retroactive effect quantification discussed above, we will
attempt to estimate the L2 distance between the trajectories
of the unloaded and loaded modules.

A. Dissipativity and Bounding Perturbations
Consider the combined system (3)–(4) with the output
zptq “ ypxptqq ´ ỹpx̃ptqq measuring the error at each time t
between the two outputs yptq and ỹptq.
Suppose there exists a positive semi-definite (storage)
function V px, x̃q ě 0 of the combined original and perturbed
state, where V p0, 0q “ 0. Suppose further that V9 ` z T z ď 0,
so that V certifies the dissipativity [12] of the combined
system with respect to the supply rate z T z. Integrating this
inequality gives an upper bound on the error of
żT
z T z dt ď V px0 , x̃0 q ´ V pxpT q, x̃pT qq.

D. Parameter Uncertainty
Suppose f or f˜ depend on an uncertain parameter µ. This
uncertainty can be implemented by introducing a corresponding auxiliary variable v with dynamics v9 “ 0. Let µl and µu
denote the lower and upper bounds on µ (i.e., µ P rµl , µu s),
which can be encoded by including the polynomial inequality
gµ “ pv ´ µl qpv ´ µu q ď 0 in the definition of G in (6). We
still seek a polynomial storage function V “ V px, x̃q as a
function of x and x̃, but assume that it does not depend on
v. The solution V P Σ to the SOS program with constraint
k
”
ı ÿ
´dpx, x̃q V9 ` z T z `
σi gi ` σµ gµ P Σ,

0

As T Ñ 8, we deduce the upper bound z T z “ }y ´ ỹ}2 ď
V px0 , x̃0 q for the L2 norm of the perturbation in output.
B. SOS Relaxation of the Storage Function
If the dynamics in (3)–(4) are polynomial, or polynomial–
rational, then the desired inequalities V ě 0 and V9 `|z|2 ď 0
can be relaxed. Any polynomial Ψ is SOS (denote Ψ P Σ) if
there
r polynomials ψi for i “ 1, . . . , r such that Ψ “
řr exist
2
ψ
.
Clearly
Ψ P Σ implies Ψ ě 0, and it can be shown
i“1 i
that the reverse implication does not hold [13]. Although
Ψ P Σ is a stronger condition than Ψ ě 0, it is a semidefinite constraint and therefore computationally tractable
through semi-definite programming. Thus the two conditions
to check can be relaxed to V P Σ and ´pV9 `|z|2 q P Σ. These
semi-definite constraints can be implemented using SOS
programming, which has been implemented in MATLAB as
the SOSTOOLS [14] toolbox.
Note that if f and/or f˜ are rational, rather than polynomial,
then V9 “ ∇V ¨ rf T , f˜T sT will be a rational function. If
we denote the common denominator of V9 as dpx, x̃q, then
satisfying the constraint
”
ı
´dpx, x̃q V9 ` |z|2 P Σ
(5)

i“1

for the SOS multiplier σµ P Σ, will return an upper bound on
the error as a function of the initial conditions. Importantly,
this bound is valid for all µ P rµl , µu s.
IV. APPLICATION EXAMPLE
We now demonstrate the use of SOS programming to
answer the retroactivity quantification problem, by applying
it to a loaded autoregulation module, which is described
below. First, we seek an a priori upper bound for the L2
norm of the difference between the trajectories xptq and x̃ptq
for t ě 0, given certain fixed downstream parameters ηL
and kL (introduced next). We will then allow for bounded
uncertainty in one, and then in both downstream parameters,
and seek an upper bound on the worst-case effect for a
fixed initial condition. In the case of uncertain parameters,
we are thus constructing an upper bound on the worst-case
retroactive loading effect produced by a space of possible
downstream loads.
A. Negative Autoregulation
In the case of negative autoregulation, TF x represses its
own production by binding to its own promoter c1 , forming
the TF-promoter complex c2 according to

implies that V9 ` |z|2 ď 0 in the region D “
trxT , x̃T sT | dpx, x̃q ą 0u where the denominator is positive
(assume d “ 1 in the case of polynomial dynamics).
C. Local Results
Other considerations, mainly centered around the nonglobal stability of the dynamical systems in question, will
mean that we cannot show dissipativity globally. However,
we can relax the constraint (5) to enforce it only in a region
of the state space defined as
G “ trxT , x̃T sT | gi px, x̃q ď 0 for i “ 1, 2, . . . , ku,

(6)

where g1 , . . . , gk are polynomials. If there exist SOS multipliers σ1 , . . . , σk P Σ such that V satisfies
k
”
ı ÿ
´dpx, x̃q V9 ` z T z `
σi gi P Σ,
i“1
T

T T

then, for all rx , x̃ s P G X D, it follows that V satisfies
V9 ` |z|2 ď 0
so that (3)–(4) has the dissipativity property in the region G.

k`

2
ÝÝ
á
c1 ` x â
Ý
Ýc .
k´

The production and degradation of x are then modeled by
the reactions
π

c1 Ý
Ñ c1 ` x

and

δ

i
xi ÝÑ
H.

(7)

With the dissociation constant k “ k ´ {k ` and DNA copy
number η, we obtain from (1) referring to [7] that the
dynamics of x are given by
ˆ
˙
πη
1
´ δx “ f pxq,
(8)
x9 “
1 ` Rpxq 1 ` x{k
with
Rpxq “

η{k

2.

p1 ` x{kq

(9)

Next, consider the case when this module drives another
downstream module represented by the reactions
`
kL

2
ÝÝ
á
c1L ` x â
Ý
Ý cL ,
´
kL

such that ηL “ c1L ` c2L denotes the DNA copy number of
´ `
the downstream module and kL “ kL
{kL is the dissociation
constant of x binding to these sites. From (2) and referring
to [7], the dynamics of the loaded variable x̃ in this case are
given by the perturbed system
ˆ
˙
πη
1
9̃x “
´ δ x̃ “ f˜px̃q. (10)
1 ` Rpx̃q ` S̄px̃q 1 ` x̃{k
where
S̄px̃q “

ηL {kL

2.

p1 ` x̃{kL q

(11)

Since f pxq and f˜px̃q are rational instead of polynomial
functions of x and x̃, respectively, we need to make sure that,
for the SOS decision variable V px, x̃q P Σ, the denominator
dpx, x̃q of
dV
BV
BV ˜
“
f pxq `
f px̃q
(12)
dt
Bx
Bx̃
is positive for x, x̃ ě 0. Indeed, from (8)–(11) we have that
dpx, x̃q ą 0 for x, x̃ ě 0, independently of the value of
kL ą 0 and ηL ě 0.
In what follows, we take the unloaded and loaded dynamics in (8) and (10), respectively, with initial condition
xp0q “ x̃p0q “ 2 and with common upstream parameters
taking values π “ 2, δ “ k “ 1 and η “ 10. Both the
unloaded and loaded module approache the same steady state
9 x9̃ ě 0 are strictly
limtÑ8 x “ limtÑ8 x̃ “ 4. Since x,
increasing for x, x̃ P r2, 4q from (8) and (10), both states
take values only in the interval r2, 4s. To have the steady
state at zero, we translate x and x̃ and (with some abuse of
notation) redefine x :“ x ´ 4 and x̃ :“ x̃ ´ 4. To represent
the fact that x, x̃ P r´2, 0s, we define the state space G in
(6) by the polynomial conditions g1 “ xpx ` 2q ď 0 and
g2 “ x̃px̃ ` 2q ď 0.
B. Fixed Downstream Parameters
Consider first the case when the load parameters are fixed
at ηL “ 10 and kL “ 1. Our goal is to find V which
satisfies the dissipativity inequality V9 ` px ´ x̃q2 ď 0. We
introduce the auxiliary SOS decision variables σ1 px, x̃q P Σ
and σ2 px, x̃q P Σ. With these variables, the SOS constraint
2
”
ı ÿ
´d V9 ` px ´ x̃q2 `
σi gi P Σ
i“1

ensures
the desired
”
ı inequality locally to G, since both
´d V9 ` px ´ x̃q2 ě LHS ě 0 and dpx, x̃q ą 0 are true
for all px, x̃qT P G.
Implementing the constraint above and minimizing the
value of the upper bound V p´2, ´2q with MATLAB using
SOSTOOLS yields
$
’
&0.3044 degV “ 2,
2
}x ´ x̃} ď 0.1216 degV “ 4,
(13)
’
%
0.1214 degV “ 6, 8, . . .
By increasing degV , a larger subspace of possible positive
semi-definite storage functions is searched, at the expense

of computational cost (7s, 14s, 62s, and 532s for degV “
2, 4, 6, 8, respectively).
From (13) it follows that the upper bound of the difference
}x ´ x̃}2 between the trajectories of the isolated and connected upstream module is no more than 0.1214, assuming
the initial conditions xp0q “ x̃p0q “ ´2. This bound turns
out to be a very close estimate of the actual loading effect:
by simulation we estimate a value of 0.1211.
C. One Uncertain Downstream Parameter
We now fix the initial conditions of the loaded and
unloaded system to be xp0q “ x̃p0q “ ´2, and consider
two cases: first, kL “ 1 is fixed and ηL P r0, 10s is uncertain
but bounded, and second, ηL “ 10 is fixed and kL P r1, 10s
is uncertain but bounded.
As described in Section III-D, we introduce the auxiliary
variable H that corresponds to the uncertain parameter ηL .
The loaded dynamics are expressed in terms of the new
parameter by re-writing the retroactivity term in (11) as
S̄px̃, Hq “

H{kL

2,

p1 ` x̃{kL q

and substituting into (10).
To bound the values of H we construct the polynomial
g3 “ HpH ´ 10q, which is non-positive for H P r0, 10s, and
define a higher-dimensional G “ tpx, x̃, Hq | gi ď 0 for i “
1, 2, 3u, where g1 “ xpx`2q and g2 “ x̃px̃`2q were defined
previously. The resulting SOS constraint we must satisfy is
3
”
ı ÿ
´d V9 ` px ´ x̃q2 `
σi gi P Σ,
i“1

with objective to minimize V p´2, ´2q. This SOS program
returns the upper bound of 0.1218 with degpV q “ 6 (in
67s time), which is very close to the bound 0.1211 found
in the nominal case of ηL “ 10. The slight increase in
the upper bound from 0.1214 is due to the uncertainty in
ηL requiring an additional slack term σ3 g3 in the SOS
constraint, which very slightly increases the conservatism of
the resulting bound.
This program has now certified that, if the downstream
parameter ηL varies in the range r0, 10s then the worst-case
load caused by retroactivity will be such that }x ´ x̃}2 is
no greater than 0.1218. We can simulate a finite number
of possible values ηL in this range. As shown in Fig. 2A,
the greatest simulated error is found at ηL “ 10. This
result can be interpreted as follows. The greater ηL , the
more downstream binding sites there are sequestering x,
thus slowing down its dynamics, represented by the fact that
BS̄
BηL ą 0 in (10). As a result, we can simulate (8) and (10)
with ηL “ 10 and kL “ 1 and simply integrate the error
numerically to find an upper bound when ηL is uncertain.
This is not the case when kL is uncertain, however, as we
next show.
When ηL “ 10 and kL P r1, 10s, we can follow a similar
path but now using the auxiliary variable K corresponding to
the uncertain parameter kL . Introduce g4 “ pK ´1qpK ´10q,
which is non-positive for K P r1, 10s. With this, we define

with objective to minimize V p´2, ´2q. This SOS program
returns the upper bound of 0.1926 with degpV q “ 6 (in 163s
time). This program has now certified that, if the downstream
parameter kL varies in the range r1, 10s then the worst-case
error caused by retroactivity will be such that }x ´ x̃}2 is
no greater than 0.1926. As before, we can simulate a finite
number of possible values of kL in this range. As shown
in panel B of Fig. 2, the greatest simulated error is 0.1864,
which is achieved when kL “ 2.7. That is, the greatest error
does not occur when the affinity to the downstream sites
is the greatest (kL “ 1). This seemingly counter-intuitive
phenomenon can be interpreted as follows.
For simplicity, we consider the unstranslated coordinate
system, so that x, x̃ P r2, 4s. The concentration of x bound
to the downstream binding sites is c2L “ ηL x{px ` kL q,
which means that binding sites available for further binding
of x is given by c1L “ ηL ´ c2L “ ηL kL {px ` kL q [7].
For instance, in the limit kL Ñ 0 we have that c1L Ñ 0.
That is, when the affinity to downstream sites is the greatest
possible, there are no more free binding sites because they
are already occupied at t “ 0. As a result, the connected
system behaves as if it were isolated: Ss “ 0 when kL “ 0
implies that f pxq “ f˜pxq; since xp0q “ x̃p0q we have that
BS̄
BS̄
ą 0 if kL ă 2 and Bk
ă0
xptq “ x̃ptq for t ě 0. Since Bk
L
L
if kL ą 4, we conclude that the error increases in the first
case and decreases in the second case (verified numerically
in Fig. 2B) following a similar reasoning as above. However,
we do not know what happens for kL P r2, 4s, so that we
would need to run numerous simulations of (8) and (10) and
numerically integrate the error to find an upper bound on
}x ´ x̃}2 . Conversely, using SOSTOOLS, we have certified
the upper bound on the worst-case retroactive effect solving
a single optimization problem.
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Fig. 2. Error }x ´ x̃}2 for the isolated and connected modules given
by (8) and (10), respectively. Magenta curve denotes the simulated error
}x ´ x̃}2 , whereas black dots represent the upper bound obtained by using
SOSTOOLS with deg(V) = 4. (A) The dissociation constant kL “ 1 is
fixed, the DNA copy number ηL P r0, 10s is uncertain but bounded. (B)
The DNA copy number ηL “ 10 is fixed, the dissociation constant kL P
r1, 10s is uncertain but bounded. (C) Simulated error }x ´ x̃}2 in the range
pkL , ηL q P r1, 10s ˆ r0, 10s.

D. Two Uncertain Downstream Parameters
Now suppose that both of the loading module’s parameters
are uncertain, taking values kL P r1, 10s and ηL P r0, 10s.
We define the auxiliary variables K and H respectively
corresponding to these two parameters, and include these as
additional variables together with x and x̃. We now construct
the higher-dimensional region G of px, x̃, H, Kq-space to
be defined by gi ď 0 where i “ 1, 2, 3, 4. To set up the
SOS program, we define the decision variable V px, x̃q P Σ
and the auxiliary decision variables σi px, x̃, H, Kq P Σ for
i “ 1, . . . , 4. As before, the time derivative of V is a rational function with a polynomial denominator dpx, x̃, H, Kq.
Thus, the SOS constraint we need to apply is
4
ı ÿ
”
σi gi P Σ,
´d V9 ` px ´ x̃q2 `
i“1

with the objective of minimizing V p´2, ´2q. By searching
over V P Σ with degpV q “ 6 we find a storage function

V (in 296s time) such that V p´2, ´2q “ 0.2015. This
certifies that, for any value of the parameters pηL , kL q P
r0, 10sˆr1, 10s, the retroactive effect on the upstream module
will be no greater than }x ´ x̃}2 ď 0.2015. By gridding
parameter space and simulating the resulting system, Fig.
2C shows that the discovered upper bound is close to a
resulting lower bound on the worst-case effect, simulated
to be achieved for ηL “ 10 and kL “ 2.7. It is important
to note that if the parameter uncertainty increases, the time
it takes to compute the difference between the trajectories
of (8) and (10) with the same resolution increases. For
instance, if the parameter uncertainty becomes pηL , kL q P
r0, 100sˆr1, 100s, the computational time increases 100-fold
(approximately 0.01s for a given pηL , kL q pair). Conversely,
the computational time required using our approach remains
relatively unaltered (in fact, it decreases from 296s to 275s).

V. DISCUSSION
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